Abstract. A Z2-homology 3-sphere has the Rochlin invariant (-fi-invariant) zero if it admits an orientation-reversing, piecewise-linear autohomeomorphism of finite order.
Let A: be a knot in S3 = dD4 with a connected Seifert surface F. (D4 is a 4-disk.) Let S(k)" be the w-fold branched cyclic cover of S3 along k. Let D(F)n be the «-fold branched cyclic cover of D4 along a proper surface obtained from F by pushing Int F into Int D4.
Proposition. D(F)n is a compact, simply connected, spin A-manifold with boundary S(k)n. If the knot k is algebraically slice and Hx(S(k)n; Q) = 0, then the signature a(D(F)n) = 0.
Remark. In case « is a power of a prime p, then S(k)n is a Z^-homology 3-sphere and hence g-homology 3-sphere. [Proof. Note that HX((S3 -k)"; Z) = Z © Hx(S(k)n; Z) where (S3 -k)n is the «-fold cychc connected cover of S3 -k. If n is a power of p, then by the Wang exact sequence with Zp coefficients we have that HX((S3 -k)n; Zp) = Zp (cf. [6, Lemma 4 
.2]).]
A closed (possibly nonorientable) 3-manifold M is a Z2-homology handle if H¿M; Z2) = Hm(Sx X S2; Z2) and HX(M; Z) is infinite. In [6, §4] , we have defined an invariant of the homeomorphism type of a Z2-homology handle M, taking an integer mod 2 and denoted by e(M), as follows: Let F be a closed connected orientable surface in M transversal to a circle representing a generator of HX(M; Z)/odd torsion « Z. We thicken F to an imbedding F X [0, 1] c M. Given x G HX(F; Z2), then set q(x) = mod 2 linking number of x X 0 and x X 1 in M. The map q: HX(F; Zj) -» Z2 is a quadratic form mod 2, i.e., o(x + v) = o(x) + 0(7) + x • v. We define e(M) to be the Arf invariant of q. We say that e(M) is the Arf invariant of the Z2-homology handle M.
The Rochlin invariant (= p-invariant) of a Z2-homology 3-sphere S, denoted by p(S), is defined to be p(S) = a(lf)/16 G Q/Z for any spin (i.e., wx = w2 = 0) 4-manifold H7 with dW = S. As is easily seen, p(5) is independent of a particular choice of W by Rochlin's theorem. (See V. A. Rochlin [11] , M. Freedman-R. Kirby [3] for a geometric proof and Y. Matsumoto [9] for an elementary proof.)
1. Proof of proposition. Clearly D(F)n is a compact, connected, orientable 4-manifold with boundary S(k)". By [5, Lemma 5.3] , D(F)n is simply connected. By [5, Corollary 5.7] , the intersection pairing on H2(D(F)n; Z) over Z is represented by a matrix An + A'n with respect to a suitable basis of H2(D(F)n; Z) (which is free), where A'n is the transpose of An. From this we see that the intersection number x ■ x = 0 (mod 2) for x G H2(D(F)n; Z). By the Wu formula this implies that w2(D(F)n) = 0, i.e., D(F)n is spin. To prove the latter half of the proposition, we need further information on the matrix An. We thicken the To see this, note that the order n of h is even, since h is orientation-reversing. Let n = 2V where s > 1 and n' is odd. h"' is still orientation-reversing and has order 2s, proving 2.1.
By 2.1, we assume the order of h is 2s, s > 1. If s = 1, we showed in [6, Theorem IV] that n(S) = 0. So, assume also that í > 2. Since h is orientation-reversing and iC-S; Q) = 0, we see that Fix(/i, S) =£ 0 (e.g., by the Lefschetz fixed-point formula), so FixiA21"', S) ¥= 0. Then by Smith theory (cf. [2, Chapter IV, §4], and [6, Proposition 6.1]) Fix(Ay , S) is a 1-sphere, say k, since h2" is an orientationpreserving involution on S. Note that h(k) = k and h2'\k, i > 1, is orientation-preserving. It follows that Fixi/i2*", S) = Fix^2*"2, S) = • ■ ■ = Fix(h2, S) = k. Further, using h2' = identity, we see that Fix(h2*"', S) = Fix(A2', S) for any odd n', so that Fix(A"', S) = Fix(A, S) c Fix(A"', S) = k for any odd n' and even n" with /z" ^ 0 (mod 2s). Now we let S* = S/h2 and p: S -> S1* be the canonical projection and p(&) = £*. Note that pjA:: k -> /t* is an injection and S1* is a closed connected 3-manifold. We can see that S* is a Z2-homology 3-sphere. [Proof. Note that p\S -k: S -k^> S* -k* is a covering, so that p#: irx(S, x)-> irx(S*, p(x)) is onto for x G k, showing that HX(S*; Zjj = 0, since HX(S; Zjj -0.] S* admits an orientation-reversing involution h* defined by h. By Smith theory (cf. To consider the case e(M*) = 1, we make use of some properties of the figure eight knot ka c S3. For this knot, there exists an orientation-reversing involution a on S3 such that a(ka) = ka and Fix(a, 53) = S° c ka. Take a knot sum (k* c S*)#(ka c S3) = (k* c S*) so as to admit an orientation-reversing involution A* defined by h* and a with Fix(A*, S*) = S° c k*. Let Sa be the 2i_1-fold branched cyclic cover of S* along k* and ha be the lift of h* which is an orientation-reversing autohomeomorphism of order 2s. Note that Sa is a Z2-homoIogy 3-sphere, homeomorphic to S#S(ka)2,-,. As discussed in [6, This completes the proof of the theorem.
